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Abstract 
This paper represents the second part of the work described in the paper with the title “Decision-making tool for moving 
from 3-axes to 5-axes CNC machine-tool”. The problem of using either 3 axes CNC machine-tools or 5 axes CNC machine 
tools was presented in the first part, together with a fuzzy logic based decision support tool. This time, an AHP approach is 
used in order to evaluate the decision of moving to a manufacturing process based upon 5 axes machine tools. Three 
variants were taken into consideration and analysed. The consistency of the proposed approach was evaluated and a 
sensitivity analysis was also introduced. 
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1. Introduction 
The first part of this work, described in the paper, “Decision-making tool for moving from 3-axes to 5-axes 
CNC machine-tool” introduced the advantages and drawbacks of using either 3 axes CNC machine-tools or 5 
axes machine tools. Also, the paper proposed a fuzzy logic based tool to assist the decision of choosing 
between the two alternatives. 
However, from a practical point of view, the problem of modernizing a CNC machining based 
manufacturing process in a factory or in a machining workshop could be considered as a decision of choosing 
between three variants, presented in figure 1, instead of the above-presented two (3 axes CNC machine-tools 
and 5-axes CNC machine-tools): 
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- the first variant involves the use of only 3 axes CNC machine-tools, taking into consideration that most of 
the parts can be processed on these type of machines, with the costs of an increased setup time and a 
(theoretical) lower geometrical complexity and accuracy; 
- the second variant involves the use of indexed 5 axes CNC machine tools, which are equipped with 
rotational axes, but the rotational movements are performed only outside the machining process. These 
machined (and consequently processes) are called 3+1 and 3+2 indexed CNC machine-tools. The setup time is 
dramatically reduced, the geometrical complexity and accuracy of the parts is increased, but the costs training 
the staff and the cost associated with CAM software are also increasing. The machine-tools acquisition costs 
are also significantly higher.  
- the third variant involves the use of continuous 5 axes CNC machine tools, where both translational and 
rotational movements are performed during the machining process. The setup time, the geometrical complexity 
and the accuracy of the parts are the most advantageous in this situation but all cost, for training the staff, for 
CAM software and the acquisitions costs are the highest. 
Fig. 1. The three variants for unfolding a manufacturing process based upon CNC machining 
In order to assist the decision of choosing one out three variants, the Analytic Hierarchy Process (AHP) 
approach was used. The AHP was introduce by Saaty in [1, 2] and can be used for choosing one of the 
alternative variants as a solution for a particular process. A comprehensive explanation of the AHP method 
proposed by Saaty together with a practical implementation is presented in [3]. The connection between AHP 
method and fuzzy systems is presented in [4]. Other approaches regarding the decision making processes are 
presented in [5-11]. 
2. Pairwise comparisons 
According to [1] and [2] the AHP is based on pairwise comparisons by comparing element I with element j, 
by the value aij, with respect to a particular criteria or objective: 
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The judgement scale which will be considered here is the one proposed by Saaty: 1 - equally important; 3 - 
weakly more important; 5 - strongly more important; 7 - demonstrably more important; 9 - absolutely more 
important. The values in between (2, 4, 6 and 8) represent compromise judgements. 
Five criteria were taken into consideration for evaluating the process: 
x C1 - setup time (with regards as the total amount of time needed for fixing the parts on the CNC 
machines, considering that multiple fixtures are needed); 
x C2 - level of staff training (with regards as the amount of knowledge regarding operating complex 
technological systems such as CNC machines. This input is seen as an estimation of the overall 
training level of the CNC operators); 
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x C3 - geometry of the parts (with regards as how complex are the shapes of the parts within the 
current manufacturing tasks of the workshop within a given period of time); 
x C4 - accuracy of the parts (with regards as the accuracy level imposed both by customers); 
x C5 - costs associated with CAM software (with regards of the estimated costs related with the 
transition from 3-axes CAM software to 5-axes CAM software. This input is seen as a combined 
estimation of the prices for 5-axes CAM software solutions and of the overall training level of the 
CAM engineers and CNC programmers). 
Each of the five criteria were be compared against each other (pairwise) and the results are presented in the 
preference matrix from table 1. 
Table 1. Preference matrix A 
 C1 C2 C3 C4 C5 
C1 1 7 3 3 9 
C2 1/7 1 1/7 1/7 1 
C3 1/3 7 1 3 9 
C4 1/3 7 1/3 1 9 
C5 1/9 1 1/9 1/9 1 
 
According to Saaty’s method, one has to normalize the preference matrix, by transforming it into matrix B, where: 
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In order to calculate the eigenvector w=[wi], which expresses the preference between the elements, the 
following formula is used: 
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The normalized matrix B is presented in table 2 (on the last column the eigenvector w was introduced). 
Table 2. Normalized comparison matrix B 
 C1 C2 C3 C4 C5 w 
C1 0.5207 0.3043 0.6540 0.4136 0.3103 0.44058 
C2 0.0744 0.0435 0.0311 0.0197 0.0345 0.04064 
C3 0.1736 0.3043 0.2180 0.4136 0.3103 0.28396 
C4 0.1736 0.3043 0.0727 0.1379 0.3103 0.19976 
C5 0.0579 0.0435 0.0242 0.0153 0.0345 0.08720 
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The next step involves the consistency check [1, 2, 5] of the comparisons by calculating the maximal 
eigenvalue according to the following equations: 
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where Omax is the matrix’s largest eigenvalue and CI the consistency index [1]. 
Using the random consistency index table (table 3) from [1] one can calculate the consistency ratio CR 
(taking into consideration the fact that for a 5-dimensional matrix the coefficient r is 1.11). 
Table 3. Random and cut-off consistency indexes [1] 
Size of matrix (n) 1 2 3 4 5 6 7 8 9 10 
Random average CI (r) 0 0 0.52 0.89 1.11 1.25 1.35 1.40 1.45 1.49 
Cutt-off CI (10%) 0 0 0.052 0.089 0.111 0.125 0.135 0.14 0.145 0.149 
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According to equation 5, the pairwise comparisons for the evaluation of the project alternatives are 
consistent because the CR for the comparison matrix is less than 10%. 
The next step of the AHP process involves the evaluation of the variants of the proposed project, with 
respect to the five criteria taken into consideration. 
The evaluation tables for each criterion are presented in tables 4-8, together with the eigenvectors 
(introduced in the las column of each table). 
Table 4. Results of the pairwise comparison of the project variant with respect of criteria C1 
C1 I II III w 
I 1 1/7 1/9 0.0567 
II 7 1 1/3 0.2946 
III 9 3 1 0.6486 
Table 5. Results of the pairwise comparison of the project variant with respect of criteria C2 
C2 I II III w 
I 1 1/7 1/9 0.0556 
II 7 1 1/5 0.2424 
III 9 5 1 0.7020 
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Table 6. Results of the pairwise comparison of the project variant with respect of criteria C3 
C3 I II III w 
I 1 1/5 1/9 0.0637 
II 5 1 1/3 0.2674 
III 9 3 1 0.6689 
Table 7. Results of the pairwise comparison of the project variant with respect of criteria C4 
C4 I II III w 
I 1 1/5 1/9 0.0599 
II 5 1 1/7 0.1897 
III 9 7 1 0.7504 
Table 8. Results of the pairwise comparison of the project variant with respect of criteria C5 
C5 I II III w 
I 1 7 9 0.7683 
II 1/7 1 1/3 0.0790 
III 1/9 3 1 0.1527 
 
The results presented in tables 4-8 allows the user to create matrix C. The columns of C represent the 
eigenvectors of the pairwise comparisons of the project variants. 
The matrix C has to be structured taking into consideration the order of the criteria determined in table 2: C1, 
C3, C4, C2 and C5. 
By multiplying matrix C with the preference vector w, the user obtain the preference vector x for the 
analyzed variants of the project, according to the following equation: 
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6796.0
2498.0
1227.0
08720.0
19976.0
28396.0
04064.0
44058.0
1527.07020.07504.06689.06486.0
0790.02424.01897.02674.02946.0
7683.00556.00599.00637.00567.0
Cwx   (6) 
According to equation (6), it can be noticed that the AHP process has given as the most beneficial results 
variant III (the use of continuous 5 axes CNC machine-tools).  
3. Sensitivity analysis 
A sensitivity analysis method for AHP was proposed by Hurley, in [6]. The method implies the change of the 
weights, while maintaining the ranking order previously determined. This can be made by introducing a coefficient 
Dt0 and transforming the matrix A into the matrix ሾܽ௜௝ఈ ሿ. According to [6], if D>1 more dispersed weights are 
obtained and if D<1 the weights become more concentrated, without any change in the ranking order. 
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Table 9 shows the weights obtained for D = 0.5, 0.7, 0.9, 1.0, 1.1, 1.3, 1.5 (values proposed in [3]). 
Table 9. Sensitivity analysis for the weights 
Coefficient D 
 0.5 0.7 0.9 1.0 1.1 1.3 1.5 
C1 0.3307 0.3787 0.4214 0.44058 0.4583 0.4896 0.5158 
C2 0.0981 0.0698 0.0488 0.04064 0.0337 0.0231 0.0158 
C3 0.2648 0.2774 0.2831 0.28396 0.2838 0.2812 0.2769 
C4 0.2154 0.2111 0.2039 0.19976 0.1955 0.1869 0.1788 
C5 0.1242 0.1053 0.0921 0.08720 0.0833 0.0774 0.0736 
Table 10 shows the simulation results of calculating the preference vector x, for the weights from table 9. 
Table 10. Results of the sensitivity analysis simulations for the preference vector x 
Coefficient D 
 0.5 0.7 0.9 1.0 1.1 1.3 1.5 
Preference vector x
Variant I 0.1483 0.1352 0.1261 0.1227 0.1200 0.1159 0.1133 
Variant II 0.2359 0.2423 0.2476 0.2498 0.2518 0.2552 0.2579 
Variant II 0.6490 0.6647 0.6756 0.6796 0.6827 0.6870 0.6897 
 
Figure 2 shows a graphical representation of the sensitivity analysis. It can be noticed that the changes in the 
weights does not affect the hierarchy of the preference vectors x, consequently variant III is the most beneficial 
one for the entire range of the analysis. 
Fig. 2. Graphical representation of the sensitivity analysis 
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4. Conclusion 
This research work was oriented to provide the user tools for assisting the process of modernizing a CNC 
machining based production process. In the first part of the work, a decision-making tool, based upon fuzzy 
systems was introduced. The second part of the work, presented in this paper, proposed the use of AHP for 
selecting the most beneficial variant for the process. For this approach, the decision was not to use either 3 axes 
CNC machine-tools or 5 axes CNC machine-tools, but to choose between three options which also includes an 
intermediary solution. All the steps of the AHP process recommended in the literature were performed and 
finally the most beneficial variant (variant III) was selected. The decision process was based on pairwise 
comparisons, which are also highly dependent on the human perception of the process. Future researches will 
be oriented to a comparison between the two tools used in this work, the fuzzy tool and AHP. 
Acknowledgements 
The authors wish to thank to The General Association of Engineers of Romania (AGIR) and its president, 
Mihai Mihăi܊ă, for the large amount of data regarding manufacturing engineering companies provided and for 
facilitating contacts with a large number of manufacturing engineers which shared their valuable experience in 
the field of using CNC machine-tools.  
References 
[1] Saaty T., The Analytic Hierarchy Process, McGraw-Hill, New York; 1980. 
[2] Saaty T., Decision making for Leaders: The Analytic Hierarchy Process for decisions in a complex word. University of Pittsburgh, 
Pittsburgh, RWS Publications; 2001. 
[3] Cabala P., Using the Analytic Hierarchy Process in Evaluating Decision Alternatives. Operations Research and Decisions, 2010; 1:5-23. 
[4] Ribeiro R.A., Fuzzy multiple attribute decision making: A review and new preference elicitation techniques. Fuzzy Sets and Systems, 
1996; 78: 155-181. 
[5] Alonso J., Lamata T,. Consistency in the Analytic Hierarchy Process: a New Approach. International Journal of Uncertainty, Fuzziness 
and Knowledge-Based Systems, 2006; 14: 445-459. 
[6] Hurley W.J., The analytic hierarchy process: a note on an approach to sensitivity which preserves rank order. Computers & Operations 
research, 2001; 28: 185-188 
[7] Al-Subhi Al-Harbi K.M., Application of the AHP in project management. International Journal of Project Management, 2001; 19: 19-
27. 
[8] Cioca M., Cioca L.I., Buraga, S.C., 2007. “Spatial Elements Decision Support System Used in Disaster Management”,  Proceedings of 
The IEEE International Conference on Digital Ecosystems and Technologies, IEEE-DEST 2007, Cairns, Australia, 2007. 
[9] Suduc A.M., Bizoi M., Cioca M., Filip F.G., Evolution of Decision Support Systems Research Field in Numbers. Informatica 
Economică Journal 2010; 14, 4: 78-86. 
[10] Starr M. K. and Zeleny M., MCDM - State And Future Of The Arts. TIMS Studies in the Management Sciences 1977; 6: 5-29. 
[11] Moraru R., Babut G., Cioca L.I.,  Adressing the Human Error Assessment and Management. Archives of Mining Sciences 2010;  55: 
873-878. 
